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Gradient estimate of an eigenfunction on a
compact Riemannian manifold without boundary
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Abstract. Let eλ(x) be an eigenfuntion with respet to the Laplae-Beltrami operator ∆M on a
ompat Riemannian manifoldM without boundary: ∆Meλ = λ
2eλ. We show the following gradient
estimate of eλ: for every λ≥ 1, there holds λ‖eλ‖∞/C≤ ‖∇eλ‖∞ ≤ Cλ‖eλ‖∞ , where C is a positive
onstant depending only on M.
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1 Introduction
Let (M, g) be an n-dimensional ompat smooth Riemannian manifold without boundary
and ∆M the positive Laplae-Beltrami operator on M. Let L
2(M) be the spae of square
integrable funtions on M with respet to the Riemannian density dv(M) =
√
g(x)dx :=√
det (gij) dx. Let e1(x), e2(x), · · · be a omplete orthonormal basis in L2(M) for the
eigenfuntions of ∆M suh that 0 = λ
2
0 < λ
2
1 ≤ λ22 ≤ ·· · for the orresponding eigenvalues,
where ej(x) (j = 1,2, · · · ) are real valued smooth funtion on M and λj are nonnegative real
numers. Also, let ej denote the projetion onto the 1-dimensional spae Cej. Thus , an L
2
funtion f an be written as f=
∑∞
j=0ej(f), where the partial sum onverges in the L
2
norm.
Let λ be a positive real number ≥ 1. We dene the spetral funtion e(x,y,λ) and the unit
band spetral projetion operator χλ as follows:
e(x,y,λ) :=
∑
λj≤λ
ej(x)ej(y) ,
χλf :=
∑
λj∈(λ,λ+1]
ej(f) .
In 1968, Hormander [6℄ obtained a one-term asymptoti expansion of the spetral fun-
tion of a positive denite ellipti linear operator, whose Laplaian ase, also alled by the
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loal Weyl law, has the expression as follows:
e(x,x,λ) = λn/
(
(4pi)n/2Γ(1+n/2)
)
+O(λn−1), λ→∞.
As a onsequene Hormander proved the uniform estimate of eigenfuntions for all x ∈M:∑
λj∈(λ,λ+1]
|ej(x)|
2≤Cλn−1 .
We note here that in the whole of this paper C denotes a positive onstant whih depends
only on M and may take dierent values at dierent plaes. C. D. Sogge noted in (1.7) of
[12℄ the equivalene of the above estimate with the following L∞ estimate of χλ,
||χλf||∞ ≤ Cλ(n−1)/2||f||2 . (1)
Here ||f||r (2 ≤ r≤∞) means the Lr norm of the funtion f on M. As noted in Lemma 2.7
by the seond author [14℄, there also holds the similar equivalent relationship between the
following two gradient estimates for eigenfuntions and χλ:∑
λj∈(λ,λ+1]
|∇ej(x)|2≤ Cλn+1 for all x ∈M, (2)
and
||∇χλf||∞ ≤ Cλ(n+1)/2||f||2 . (3)
Here ∇ is the Levi-Civita onnetion on M. In partiular, ∇f=
∑
j g
ij∂f/∂xj is the gradient
vetor eld of a C1 funtion f, the square of whose length equals
∑
i,jg
ij(∂f/∂xi)(∂f/∂xj),
where (gij) is the inverse of the metri matrix gij. By using the wave group, Yu Safarov
and D. Vassiliev proved a very general theorem (Theorems 1.8.5 and 1.8.5 in [9℄) on the
spetral funtion of a positive denite ellipti linear operator so that the gradient estimate
(2) is its immediate orollary. By using the parametix of the wave operator ∂2/∂t2+∆M,
the seond author [14℄ also proved in a slightly dierent way the Laplaian ase of the afore-
mentioned theorems of Yu Safarov and D. Vassiliev, whih is also suÆient to dedue the
estimate (2). X. Xu [17℄ applied the maximum priniple argument to proving (3), and used
this estimate to give a new proof for the Hormander multiplier theorem. A. Seeger and C.
D. Sogge [11℄ rstly proved the the Hormander multiplier theorem by using the parametrix
of the wave kernel. In this paper we stik at estimating the gradient of a single eigenfuntion.
Theorem Let eλ(x) be an eigenfuntion with respet to the positive Laplae-Beltrami
operator ∆M on an n-dimensional ompat smooth Riemannian manifold M without
boundary: ∆Meλ= λ
2eλ. Then, for every λ≥ 1, there holds
λ‖eλ‖∞/C≤ ‖∇eλ‖∞ ≤ Cλ‖eλ‖∞ , (4)
where C is a positive onstant depending only on M.
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We an also obtain the above estimates (2) and (3) by Hormander's loal Weyl law and
the same argument of Theorem. The details will be given in Setion 4. The seond author
announed a more general estimate for ‖∇keλ‖∞ with k a positve integers in Theorem 5.1
of [15℄. However, the method we use in this paper an not be applied to deduing higher
derivative estimates. We plan to disuss this question in a future paper.
We onlude the introdution by explaining the organization of this paper. Setions 2-4
ontain the proof of Theorem. In Setion 2, we show the lower bound of the gradient by
the equidistributional property of the nodal set of eigenfuntions. In Setion 3 we redue
by resaling the gradient estimate from above to that of an almost harmoni funtion. In
Setion 4, we prove the gradient estimate from above for the almost harmoni funtion by
Yau's gradient estimate and the Green funtion for ompat manifolds with boundary. We
also in this setion sketh a proof of the above estimates (2) and (3) by the same argument
with Theorem, whih is dierent from those in [17℄ and [14℄. In the last setion we propose
a onjeture that a similar gradient estimate as Theorem holds for a ompat Riemannian
manifold with boundary.
2 Nodal sets of eigenfunctions
The nodal set of an eigenfuntion eλ is the zero set
Zeλ := {x ∈M : eλ(x) = 0}.
A onneted omponent of the open set M\Zeλ is alled a nodal domain of the eigenfun-
tion eλ. The following fat, due to J. Bruning [2℄, is ritial in deduing the lower bound
estimate. The reader an also nd a proof in English in Theorem 4.1 of S. Zeldith [19℄.
Fact 1 Under the assumption of Theorem, there exists a onstant C suh that eah
geodesi ball of radius C/λ in M must interset the nodal set Zeλ of eλ.
Proof of the lower bound part of Theorem Take a point x inM suh that |eλ(x)|=
‖eλ‖∞ . Then by Fat 1, there exists a point y in the ball B(x, C/λ) with enter x and radius
C/λ suh that eλ(y) = 0. We may assume λ so large that there exists a geodesi normal
hart (r,θ) ∈ [0, C/λ]× Sn−1(1) in the ball B(x, C/λ). By the mean value theorem, there
exists a point z on the geodesi segment onneting x and y suh that
∣∣∣∣
∂eλ
∂r
(z)
∣∣∣∣≥
λ
C
|eλ(x)| =
λ
C
‖eλ‖∞ .
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3 Eigenfunctions on the wavelength scale
In this setion we review quikly the following priniple:
On a small sale omparable to the wavelength 1/λ, the eigenfuntion eλ behaves like
a harmoni funtion.
This priniple was developed in H. Donnelly and C. Feerman [3℄ [4℄ and N. S. Nadirashvili
[8℄ and was used extensively there. Our setting of the priniple in the following is borrowed
from D. Mangoubi [7℄, where he applied it to studying the geometry of nodal domains of
eigenfuntions.
Fix an arbitrary point p inM and hoose a geodesi normal hart (B(p,δ), x=(x1, · · · ,xn))
with enter p and radius δ > 0 depending only on M. In this hart, we may identify the ball
B(p,δ) with the n-dimensional Eulidean ball B(δ) entered at the origin 0, and think of the
eigenfuntion eλ as a funtion in B(δ). Our aim is to show the inequality |∇eλ(p)|≤Cλ‖e‖∞ .
Atually we plan to prove a slightly stronger one∑
j
∣∣∣∣
∂eλ
∂xj
(0)
∣∣∣∣ ≤ Cλ‖eλ(x)‖L∞ (B(1/λ)), (5)
whih we remember that gij(0) = δij in the normal hart. The rough idea is to onsider
the resaled funtion φλ(y) = eλ(y/λ) in the ball B(1) instead of the restrition of the
eigenfuntion eλ(x) to the ball B(1/λ), where we assume λ so large that 1/λ < δ/2. The
above estimate is equivalent to its resaled version∑
j
∣∣∣∣
∂φλ
∂yj
(0)
∣∣∣∣ ≤ C‖φλ(y)‖L∞ (B(1)). (6)
On the other hand, resaling the eigenfuntion equation ∆Meλ = λ
2eλ tells us that the
funtion φλ behaves like a harmoni funtion. The details are given in what follows.
The eigenfuntion equation ∆Meλ= λ
2eλ in B(1/λ) an be written as
−
1√
g
∑
i,j
∂xi
(
gij
√
g∂xjeλ
)
= λ2eλ.
Hene the funtion φλ satises the resaled equation in B(1),
−
1√
gλ
∑
i,j
∂yi
(
g
ij
λ
√
gλ∂yjφλ
)
= φλ, (7)
where gij,λ(y) = gij(y/λ), g
ij
λ(y) = g
ij(y/λ) and
√
gr(y) = (
√
g)(y/λ). We note that the
above equation oinides with
∆λφλ= φλ,
where ∆λ is the positive Laplae-Beltrami operator with respet to the metri gij,λ on
B(1). We observe that the saling x 7→ y = λx gives an isometry from (B(1/λ), λ2gij) onto
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(B(1), gij,λ). Therefore, the open Riemannian manifold (B(1), gij,λ) has uniformly bounded
setional urvature for all λ≥ 1. This fat will be ruial in next setion.
4 Estimates from above
We prove (6) in this setion by using the notations in Setion 3.
Step 1 Reall that ∆λφλ=φλ in B(1). We an write the funtion φλ as the sum φλ=
uλ+vλ suh that the funtions uλ and vλ satisfy the following boundary-value problems:{
∆λuλ= 0 in B(1),
uλ= φλ on ∂B(1),
{
∆λvλ= φλ in B(1),
vλ= 0 on ∂B(1),
(8)
Step 2 By the gradient estimate for harmoni funtions in page 21 of R. Shoen and
S.-T. Yau [10℄ and the maximum priniple, there holds
∑
j
∣∣∣∣
∂uλ
∂yj
(0)
∣∣∣∣ ≤ C‖uλ(y)‖L∞ (B(1)) ≤ C‖φλ(y)‖L∞ (B(1)).
Here we also use the fat that the Rii urvature tensor of the metris gij,λ are uniformly
bounded for all λ≥ 1.
Step 3 Let G(y, z) be the Green funtion on the ompat manifold (B(1), gij,λ) with
smooth boundary suh that in the sense of distribution ∆λ,zG(y, z) equals the Dira delta
funtion δy(z) at y and G(y, z) vanishes whenver y or z belongs to the boundary ∂B(1).
Remember that the setional urvatures of gij,λ are uniformly bounded for all λ≥ 1. Care-
fully heking the expliit onstrution of the Green kernel in pages 106-113 in T. Aubin
[1℄, we nd that
|(∇yG)(0, z)|≤ Cd(0, z)1−n.
Taking gradient at 0 in the Green formula for vλ
vλ(y) =
∫
B(1)
G(y, z)φλ(z)dV(z)
gives the estimate |(∇vλ)(0)|≤C‖φλ‖L∞ (B(1)). Remember that gij,λ(0)= δij so that |(∇vλ)(0)|
is omparable to
∑
j |(∂vλ/∂yj)(0)|. The proof is ompleted.
Following the above arguments, we onlude this setion by skething an alternative
proof of the estimates (2) and (3), whih were proved by X. Xu [17℄ and the seond author
[14℄ by using the maximum priniple and the parametrix of the wave kernel, respetively.
We also use the notations above. Take a square intergable funtion f on M and onsider the
smooth funtion u := χλf, and the Poisson equation v :=∆Mu in the geodesi normal hart
B(1/λ) entered at a given point p in M and with radius 1/λ. Resaling the ball B(1/λ)
with metri gij to B(1) with metri gij,λ, and using the L
∞
estimate
‖χλf‖L∞ ≤Cλ(n−1)/2‖f‖2
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implied by the loal Weyl law and the Cauhy-Shwarz inequality, we redue the question
to showing ∑
j
∣∣∣∣
∂uλ
∂yj
(0)
∣∣∣∣ ≤ C‖u‖L∞ (B(1/λ))+Cλ−2‖vλ‖L∞ (B(1)),
where uλ(y) = u(y/λ) and vλ(y) = v(y/λ). But the last inequality follows from the argu-
ments in Steps 1-3 above. The proof is ompleted.
5 Compact manifold with boundary
D. Grieser [5℄ and C. D. Sogge [13℄ obtained a similar sup norm estimate as (1) for χλ
assoiated with either the Dirihlet or the Neumann Laplaian on a ompat Riemannian
manifold N with boundary. X. Xu [16℄ [18℄ obtained similar gradient estimates as (3) for
both the Dirihlet and the Neumann boundary value problems on N by using a lever
maximum priniple and the results of Grieser and Sogge. However, we ould not use the
maximum priniple argument in their papers to dedue more rened gradient estimate for
a single eigenfuntion on N. We think that new ideas should be introdued to resolve the
following onjeture.
Conjecture Let N be a ompat Riemannian manifold with smooth boundary and
eλ(x) be an eigenfuntion of either the Dirihlet or the Neumann Laplaian ∆N on N:
∆Neλ= λ
2eλ. Then there exists a positive onstant C depending only on N suh that
for all λ≥ 1 there holds
λ‖eλ‖∞/C≤ ‖∇eλ‖∞ ≤ Cλ‖eλ‖∞ .
We should point out that the lower bound estimate for the Dirihlet eigenfuntion eλ,
‖∇eλ‖∞ ≥Cλ‖eλ‖∞ ,
follows easily from the similar argument in Setion 2. We also observe that the upper bound
estimate |∇eλ(x)|≤Cλ‖eλ‖∞ for every x outside the boundary layer {x∈N :d(x, ∂N)≤C/λ}
follows from the argument in Setions 3 and 4. The authors will disuss this question in a
future paper.
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